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LElTER TO THE EDITOR 

Inverse transformations and the reduction of nonlinear 
Dirichlet problems 

C Rogers 
Department of Applied Mathematics, University of Waterloo, Canada 

Received 26 June 1984 

Abstract. lnvolutory transformations are introduced which allow the solution of a class 
of nonlinear Dirichlet problems. The application of coupled involutory and Backlund 
transformations is also described. 

The application of Backlund transformations to the solution of nonlinear boundary 
value problems is less well developed than their role in the solution of privileged initial 
value problems via the inverse scattering transform. In a recent paper (Rogers 1983) 
reciprocal-type Backlund transformations were employed to reduce a class of nonlinear 
boundary value problems to linear canonical form. Such transformations linked to 
other Backlund transformations have been used to solve nonlinear boundary value 
problems in two-phase flow by Fokas and Yortsos (1982) and Rogers et a1 (1983). 
However, the class of boundary value problems amenable to solution by such reciprocal 
Backlund transformations is restricted to those wherein the flux is prescribed on the 
boundaries. Here, by contrast, involutory transformations are introduced which allow 
the reduction to linear canonical form of a class of nonlinear boundary value problems 
of Dirichlet type. 

We consider tk. : class of equations 

(P(u ,u , ,u , ,  , . . .  ; u , , u  ,,,... ) :=qa/ax;a/at ;u)=o 

where 

U = U ( X ,  t ) .  (2) 

If, as in the inverse or isotherm migration method (Ames 1972, Crank 1975) it is 
assumed that the relation (2) inverts to yield 

x = x( U, t ) ,  (3) 

then we introduce the inverse transformation 
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(4) 
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Since 

u ” = x ’ = u ,  x’f = U’ = x, t” = t’ = t 

it is seen that T 2 =  I so that the transformation is involutory. 
Now, 

In particular, ( 6 )  shows that 

while (7) yields 

whence, in turn, 

q , = p ~ , = l / $ ~  ax I ’  , 

rl, =-:I./:l, = -!$p$ll: aU 

Hence, if we introduce the operators D‘ and a’ according to 

then, under the inverse transformation T, (1) becomes 

@(ID‘; a‘; x’) = 0. (14) 

The above result may be used to reduce a class of nonlinear equations subject to 
Dirichlet boundary conditions to linear canonical form. Thus, consider the class of 
boundary value problems 

i =  I 
C 

U’ = *,( t ’ )  on x‘= @,( t ’ )  

U ’  = q2( t ’ )  on x’ = Q2( t ’ )  

U‘ = O(x’) at t’ = 0. 
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Under the inverse transformation T, the nonlinear problem (15) reduces to the dual 
linear boundary value problem 

at 

u = Q l ( t )  on x = q l ( t )  

U = Q 2 ( f )  on x = T 2 ( t )  

U = @-'(x)  at t = 0. 

This reduction may be used to solve certain nonlinear moving boundary problems of 
the kind (15) by appeal to standard linear results. This is illustrated below. 

Consider the nonlinear, moving boundary value problem 

K a2u '  - a u t  _- 
at' (au'lax')' ax'z 
u ' = O  on x '=@,( t ' )  

u ' = L  on x ' = Q 2 ( t ' )  

u'=@(x')  at t '=0. 

Under the inverse transformation T this reduces to the linearfixed boundary value 
problem 

au/at  = K a2u/ax2 

u = @ , ( t )  on x=O 

u = @ , ( t )  on x = L  

U = @-'(x) at t = o 
with solution 

Accordingly, the solution of the nonlinear problem (17) is given implicitly by 

In conclusion, it is noted that the involutory transformation T may be coupled 
with a Backlund transformation for a Burgers' hierarchy to reduce further nonlinear 
boundary value problems to linear canonical form. In this connection, consider the 
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class of nonlinear problems 

u = @ , ( t )  on x=OI ( t )  

u = O , ( t )  on x = Q 2 ( t )  

u = @ ( x )  at t = O  

where the 9, are given recursively by 

* i  = X 9 j - I  +UN,-,, 
9 0 =  1 

i = 1,2, .  . . , N 

and 

Under the involutory transformation T, the boundary value problem (2 1 )  becomes 

u ' = @ , ( t ' )  on x = @ , ( t ' )  

U' = (P2( t ' )  on x' = @,( t ' )  

U'= e-'(x') at t ' = O  

where 

9; = U W - ~  +a*:-,/ax' 

TA= 1. 

The recurrence relations (24) define a Burgers' hierarchy. 
Application of the Backlund transformation 

U:* = u 'u*  

x* = XI, t* = t' 

takes (23) to a linear boundary value problem with Robin-type conditions at the moving 
boundaries, namely 

au*/ax* = t * )u*  on x * = O l ( t * )  

au*/ax* = m2( t * )u*  on x * =  @ , ( t * )  

u* = exp( 1: @ - I (  7) d.r) at t* = 0. 
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